The Heronian mean provides an aggregation operator that considers the inter-dependent phenomena among the aggregated arguments. Nevertheless, it seems that the existing literatures only consider the HM for aggregating crisp numbers rather than any other types of arguments. In this paper, the HM under interval-valued intuitionistic fuzzy environments is studied. First, a generalized interval-valued intuitionistic fuzzy HM (GIIFBM) is proposed and some of its desirable properties and special cases are investigated in detail. Then, an approach to multi-criteria decision making based on weighted GIIFHM (GIIFWHM) is proposed. Numerical example about supplier selection in the supply chain is given to illustrate our method.
INTRODUCTION
It is clear that multi-criteria decision making (MCDM) has been a focus in recent years (Sreekumar et al., 2009; Yang et al., 2010; Fang et al., 2010; Hassan et al., 2010; Liu et al., 2010) . In MCDM, uncertainty and hesitancy are avoidable problems. To express decision makers' evaluation information more objectively, several techniques have been developed, such as fuzzy set (Zadeh, 1965) , interval-valued fuzzy set (Zadeh, 1975) , linguistic fuzzy set (Herrera et al., 1996) , and intuitionistic fuzzy set (IFS) (Atanassov, 1986) . Interval-valued intuitionistic fuzzy set (IVIFS), as a generalization form of IFS, was introduced by Atanassov and Gargov (1989) . Since it is characterized by a membership function and a nonmembership function whose values are intervals rather than real numbers, IVIFS is more powerful in dealing with vagueness and uncertainty than IFS. IVIFS is regarded as a useful and practical tool for dealing with fuzziness and uncertainty. After the pioneering work of Atanassov and Gargov (1989) , the interval-valued intuitionistic fuzzy *Corresponding author. E-mail: yudejian62@126.com. set (IVIFS) has received much attention from researchers (Zhang et al., 2010; Wang et al., 2009; Chen, 2007; Nayagama, 2011; Park et al., 2009; Park et al., 2011; Li, 2011; Yue et al., 2011; Ye , 2010; Xu , 2011; Chen et al., 2011) .
How to deal with the interval-valued intuitionistic fuzzy numbers (IIFNs) which is the basic elements of the IVIFS by using a proper aggregation operator is a critical step of the decision making. Up to now, the researches on interval-valued intuitionistic fuzzy aggregation method have obtained some results. Based on the OWA operator (Yager, 1988) , Xu and Chen (2007a) proposed arithmetic aggregation operators, such as, the interval-valued intuitionistic fuzzy weighted arithmetic aggregation (IIFWA) operator, the interval-valued intuitionistic fuzzy ordered weighted aggregation (IIFOWA) operator, and the interval-valued intuitionistic fuzzy hybrid aggregation (IIFHA) operator. Wei and Wang (2007) , Xu (2007) , Xu and Chen (2007b) introduced the interval-valued intuitionistic fuzzy weighted geometric (IIFWG) operator, the interval-valued intuitionistic fuzzy ordered weighted geometric (IIFOWG) operator, and the interval-valued intuitionistic fuzzy hybrid geometric (IIFHG) operator. The common characteristic of the mentioned interval-valued intuitionistic fuzzy operators are that they emphasize the importance of each datum, but can not capture the correlation of the given arguments.
In the real decision making problem, the interactions phenomena among the decision making criteria commonly exist. To deal with this issue, Xu (2011a) extended the power average (PA) (Yager, 2001 ) to intuitionistic fuzzy environment and introduced a series of operators for aggregating IFS whose weighting vectors depend on the input arguments. Motivated by the induced Choquet ordered averaging operator (Yager, 2004) , Xu (2010) , Tan and Chen (2010) , and Tan (2011) developed some intuitionistic fuzzy correlative operators, such as the intuitionistic fuzzy Choquet average (IFCA) operator, and the intuitionistic fuzzy Choquet geometric (IFCG) operator. Xu (2011b) applied the Bonferroni mean (BM) (Bonferroni, 1950; Yager, 2009 ) to intuitionistic fuzzy environment and introduce the intuitionistic fuzzy Bonferroni mean (IFBM) and the weighted Bonferroni mean (WIFBM) whose characteristic is that it can reflect the interrelationship of the individual criteria.
The Heronian mean (HM) is a mean type aggregation technique, which is developed to deal with the exact numerical values (Beliakov et al., 2007) . The desirable characteristic of the HM is that it can capture the interrelationship of the input arguments, which makes it very useful in decision making. The HM operator is different from power average or Choquet integral. The HM operator focuses on the aggregated arguments while the Choquet integral or power average focuses on changing the weight vector of the aggregation operators. Furthermore, Choquet integral based aggregation operators are operators in which the correlation of the aggregated arguments are measured subjectively by the decision makers, while the power averaging operators determined the weighted vector depend on the values of the aggregated arguments objectively. For a set of criteria , the BM operator can reflect the relationship between any pair of criteria and . However, it ignores the correlation between the criteria and itself. Furthermore, the correlation between and is equal to the correlation between and . Nevertheless, the BM operator considers it separately and results subsequently in redundance. Although the HM operator owns similar structure to BM, it can solve the stated two problems of the BM operator effectively. Nevertheless, the arguments suitable to be aggregated by the existed HM can only take the forms of crisp numbers rather than any other types of arguments, which restrict the potential applications of the HM to more extensive areas. One effective way to solve this problem is to extend the HM to Yu and Wu 4159 interval-valued intuitionistic fuzzy environment, which is the focus of this paper. Further, we briefly review some basic concepts and extend the HM to a more generalized form, which we called generalized Heronian mean (GHM) . We also propose the generalized interval-valued intuitionistic fuzzy Heronian mean (GIIFHM) to aggregate the IIFNs, whose desirable properties and some special cases are also investigated. The generalized interval-valued intuitionistic fuzzy weighted Heronian mean (GIIFWHM) is then introduced and a procedure for multi-criteria decision making is developed from whence concluding remarks is drawn. Atanassov and Gargov (1989) first defined the notion of interval-valued intuitionistic fuzzy set (IVIFS) based on which Xu (2007) 
BASIC CONCEPTS AND OPERATIONS
and let be the set of all IVIFNs.
Definition 2 (Xu, 2007)
Let and be any two IVIFNs, then some operations of and can be defined as: ( 1, 2,..., ) 2) If , then .
THE GENERALIZED INTUITIONISTIC FUZZY HERONIAN MEAN
Here, we first extend the HM to a more generalized form which we called generalized Heronian mean (GHM). Furthermore, considering that the IVIFS are powerful to express the vagueness in real decision making process, we further extend the GHM to interval-valued intuitionistic fuzzy situations and develop a generalized interval-valued intuitionistic fuzzy Heronian mean (GIIFHM) for aggregating IIFNs, and discuss its desirable properties and a variety of special cases.
Definition 3 (Beliakov, 2007)
Let be a collection of nonnegative numbers. If: (2) then is called the Heronian mean (HM). Based on Definition 3 and the definition of Bonferrnoni mean (BM) (Yager, 2009) , we further propose the generalized Heronian mean.
Definition 4

Let
, and be a collection of nonnegative numbers. If: (3) then is called the generalized Heronian mean (GHM). It should be noted that, when , the GHM reduces to the HM (Beliakov, 2007 
HM a a a a a n n 
then is called the generalized interval-valued intuitionistic fuzzy Heronian mean (GIIFHM). Based on the operational laws of the IIFNs described earlier, we can derive the result presented thus.
Theorem 1
Let
, and be a collection of IIFNs, then the aggregated value by using the GIIFHM is also an IIFN, and:
(5)
Proof
The first result follows quickly from the operation laws of IIFNs and Theorem 1. In the following, we prove Equation 5 as follows:
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Then (8) and (9) Therefore, we have:
which completes the proof of Theorem 1. We now look at some desirable properties of the GIIFHM operator. a a
1, 1,
1, 1, 
which is the generalized interval-valued intuitionistic fuzzy mean (Zhao et al., 2010) .
Case 3: If , , then the GIIFHM is transformed as: (18) which is the interval-valued intuitionistic fuzzy square mean (Zhao et.al., 2010) .
Case 4: If , , then the GIIFHM reduces to the interval-valued intuitionistic fuzzy average (Xu, 2007) , ,
which we call an generalized intuitionistic fuzzy interrelated square mean. Case 6: If , then the GIIFHM reduces to:
Case 7: If then the GIIFHM reduces to:
which is the interval-valued intuitionistic fuzzy geometric mean operator (Xu, 2007) .
INTERVAL-VALUED INTUITIONISITC FUZZY MULTI-CRITERIA DECISION MAKING BASED ON GIIFWHM OPERATOR
In most cases, the aggregated arguments have their weights; therefore, it is necessary to consider the weighted form of the GIIFHM. Here, we first propose the generalized interval-valued intuitionistic fuzzy weighted Heronian mean (GIIFWHM) operators, then introduce a multi-criteria decision making method based on the proposed operator.
Definition 6
Let be a . Based on the GIIFWHM operator, an approach is given for multi-criteria decision making under interval-valued intuitionistic fuzzy environment.
1, 1, Step 2: Rank the overall performance values according to Definition 2 and obtain the priority of the alternatives according to . Next, we give an example to illustrate the proposed method.
Example 2
How to determine suitable suppliers in the supply chain has become a crucial issue (Chen et al., 2011) . Suppose that a high-tech company which manufactures electronic products intends to evaluate and select a supplier of USB connectors. Initially, four suppliers, A 1 , A 2 , A 3 and A 4 , are chosen as candidates. Four evaluated criteria are considered, including finance (C 1 ), performance (C 2 ), technique (C 3 ), and organizational culture (C 4 ). The criteria weight vector is given by . The evaluation information on the projects under the factors are represented by the IIFNs, and is shown in Table 1 . In the following, we will illustrate the process of determining the best supplier based on the proposed method. As the values of the paremeters and change, the aggregated IIFNs can be obtained, and is shown in Table 2 . The corresponding score values and the ranking of alternatives are shown in Table 3 .
If we let the parameter fixed, different scores and rankings of the alternatives can be obtained as the parameter change, which is shown in Figure 1 . From Figure 1 , we can find that: 1) when , the ranking of the four alternatives is .
2) when
, the ranking of the four alternatives is .
3) when , the ranking of the four alternatives is .
If we let the parameter fixed, different scores and rankings of the alternatives can be obtained as the parameter changed which was shown in Figure 2 . From Figure 2 , we can find that: 1) when , the ranking of the four alternatives is .
2) when , the ranking of the four alternatives is .
3) when , the ranking of the four alternatives aggregate the interval-valued intuitionistic fuzzy information, the generalized interval-valued intuitionistic fuzzy Heronian mean (GIIFHM) and the generalized interval-valued intuitionistic fuzzy weighted Heronian mean (GIIFWHM) operators have been developed. Moreover, we have applied the GIIFWHM operator to solve the decision making problems. By the illustrated examples, we have roughly shown that the parameters of the aggregation operators indeed have an impact on the ranks of alternatives. The GIIFHM and GIIFWHM operators were distinguished from other existed operators not only due to the fact that the operators accommodate the interval-valued intuitionistic fuzzy environment, but also due to the consideration of the inter-dependent phenomena among the arguments, which allows our operators to have more wide practical application potentials. It is worth noting that the results of this paper can be extended to the hesitant fuzzy environment.
